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\linespread{1}D�e�u�x�i�è�m�e �f�o�r�m�u�l�e �d�e �l�a� �m�o�y�e�n�n�eJ�e�a�n�-F�r�a�n�ç�o�i�� B�u�r�n�o�l, 7 �o��t�o�b�r�e 2009S�o�i�t a < b �e�t f, g : [a, b℄ → R �d�e�u�x �f�o�n��t�i�o�n�� �à� �v�a�l�e�u�r�� �r�é�e�l�l�e��, f �é�t�a�n�t�s�u�p�p�oǑs�é�e �i�n�t�é�g�r�a�b�l�e �s�u�r� [a, b℄ �e�t g �p�oǑs�i�t�i�v�e �d�é��r�o�i�s�s�a�n�t�e. A�l�o�r�� :
∃ ∈ [a, b℄ ∫ ba f(t)g(t) d�t = g(a) ∫ a f(t) d�t .P�o�u�r� f �à� �v�a�l�e�u�r�� ��o�m�p�l�e�x�e�� �l��i�n�é�g�a�l�i�t�é �s�u�i�v�a�n�t�e �e�s�t �v�a�l�a�b�l�e :
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∫ ba f(t)g(t) d�t∣∣∣∣
∣

∣

≤ g(a) s�u�p∈[a,b℄ ∣∣∣∣∫ a f(t) d�t∣∣∣
∣

.P�o�u�r� g �p�oǑs�i�t�i�v�e ��r�o�i�s�s�a�n�t�e �o�n� �a�u�r�a� ∫ ba f(t)g(t) d�t = g(b) ∫ b f(t) d�t �e�t/�o�u� �l��i�n�-�é�g�a�l�i�t�é �a�n�a�l�o�g�u�e.O�n� �a�u�r�a� ��o�m�p�r�i�� �q�u�e �l��i�n�t�é�r�ê�t �m�a�j�e�u�r� �d�e �l�a� �d�e�u�x�i�è�m�e �f�o�r�m�u�l�e �d�e �l�a��m�o�y�e�n�n�e �s�o�u�� �l�a� �f�o�r�m�e �d�'�u�n�e �i�n�é�g�a�l�i�t�é �e�s�t �q�u�e �l�e �m�o�d�u�l�e �d�a�n�� �l�a� �m�a�j�o-�r�a�t�i�o�n� �e�s�t �à� �l��e�x�t�é�r�i�e�u�r� �d�e �l��i�n�t�é�g�r�a�l�e !L�a� �p�r�e�u�v�e �e�s�t, ��o�m�m�e �à� �l��h�a�b�i�t�u�d�e, �u�n� ��h�o�i�x �p�a�r�m�i� �d�e�n�o�m�b�r�e�u�s�e�� �p�oǑs�s�i�b�i�l�i�t�é��. P�o�u�r� ��e�l�l�e �q�u�e �j�e �p�r�é�s�e�n�t�e �e�n� �p�r�e-�m�i�e�r�, �j�e �v�o�u�l�a�i�� �ê�t�r�e ��o�m�p�r�i�� �p�a�r� �q�u�e�l�q�u�'�u�n� �n�e �m�a�î�t�r�i�s�a�n�t�q�u�e �l��i�n�t�é�g�r�a�l�e �d�e R�i�e�m�a�n�n�, �e�t �d�o�n�, �p�o�u�r� �u�n�e �p�r�e�u�v�e �r�é�e�l-�l�e�m�e�n�t ��o�m�p�l�è�t�e, �i�l �m�e �f�a�l�l�a�i�t �é�v�i�t�e�r� �l��e�m�p�l�o�i� �d�'�u�n� �t�h�é�o�r�è�m�e1



�a�d�m�i�� ��o�m�m�e �l��e�s�t ��e�l�u�i� �d�e �l�a� ��o�n�v�e�r�g�e�n��e �d�o�m�i�n�é�e. M�a�i�� �l�e�r�a�i�s�o�n�n�e�m�e�n�t �s�e �d�e�v�a�i�t �d�'�ê�t�r�e �v�a�l�a�b�l�e �a�u�s�s�i� �p�o�u�r� �u�n�e �f�o�n�-�t�i�o�n� �i�n�t�é�g�r�a�b�l�e �a�u� �s�e�n�� �d�e L�e�b�e�s�g�u�e, �e�t �d�o�n� �j�e �n�e �p�o�u�v�a�i���p�a�� �f�a�i�r�e �r�e�p�oǑs�e�r� �l�a� �p�r�e�u�v�e �s�u�r� �l��e�m�p�l�o�i� �d�e �s�o�m�m�e�� �d�e R�i�e-�m�a�n�n�. L�o�r�s�q�u�'�e�l�l�e �e�s�t �j�u�s�t�i�f�i�a�b�l�e, �u�n�e �s�i�m�p�l�e �i�n�t�é�g�r�a�t�i�o�n��p�a�r� �p�a�r�t�i�e�� �m�è�n�e �a�u� �r�é�s�u�l�t�a�t. C�e�l�a� �s�e�r�a� �e�x�p�l�i�q�u�é �p�a�r� �l�a��s�u�i�t�e.R�e�m�a�r�q�u�e : �s�i� �l��o�n� �t�r�a�v�a�i�l�l�e �a�v�e� �l��i�n�t�é�g�r�a�l�e �a�u� �s�e�n�� �d�eR�i�e�m�a�n�n�, �o�n� �s�a�i�t �q�u�e �t�o�u�t�e �f�o�n��t�i�o�n� �m�o�n�o�t�o�n�e �s�u�r� �l�e �s�e�g-�m�e�n�t [a, b℄ �e�s�t �i�n�t�é�g�r�a�b�l�e, �e�t �q�u�e �l�e �p�r�o�d�u�i�t �d�e �d�e�u�x �f�o�n��t�i�o�n��R�i�e�m�a�n�n�-�i�n�t�é�g�r�a�b�l�e�� �e�s�t �i�n�t�é�g�r�a�b�l�e. S�i� �l��o�n� �t�r�a�v�a�i�l�l�e �a�v�e� �l��i�n�-�t�é�g�r�a�l�e �d�e L�e�b�e�s�g�u�e, �o�n� �s�a�i�t �q�u�e �t�o�u�t�e �f�o�n��t�i�o�n� �m�o�n�o�t�o�n�e �e�s�t�m�e�s�u�r�a�b�l�e, �q�u�e �l�e �p�r�o�d�u�i�t �d�e �d�e�u�x �f�o�n��t�i�o�n�� �m�e�s�u�r�a�b�l�e�� �e�s�t �m�e-�s�u�r�a�b�l�e, �d�o�n� �l�e �p�r�o�d�u�i�t f�g �e�s�t �m�e�s�u�r�a�b�l�e �e�t �d�e �p�l�u��, ��o�m�m�e g�e�s�t �b�o�r�n�é�e, f�g �e�s�t �i�n�t�é�g�r�a�b�l�e �p�u�i�s�q�u�e f �l��e�s�t.(M�i��r�o)-R�e�m�a�r�q�u�e 2 : g �e�s�t �j�u�s�t�e �s�u�p�p�oǑs�é�e �d�é��r�o�i�s�s�a�n�t�e,�p�a�� ��o�n�t�i�n�u�e. D�o�n� �i�l �v�a�u�d�r�a�i�t �m�i�e�u�x �é��r�i�r�e g(a+) �q�u�e g(a), ��e�l�a��d�o�n�n�e�r�a�i�t �u�n�e �m�e�i�l�l�e�u�r�e �m�a�j�o�r�a�t�i�o�n�. M�a�i�� �ç�a� �m�a�r��h�e �a�v�e� �l�e���d�e�u�x.R�e�m�a�r�q�u�e 3 : �s�i� �l��o�n� �r�e�m�p�l�a��e g(t) �p�a�r� g(t)−g(b−) �o�n� �o�b�t�i�e�n�t�u�n�e �é�v�a�l�u�a�t�i�o�n� �p�l�u�� �p�r�é��i�s�e, �'�e�s�t �l�a� �f�o�r�m�e �t�r�a�d�i�t�i�o�n�n�e�l�l�e �d�e�l�a� �s�e��o�n�d�e �f�o�r�m�u�l�e �d�e �l�a� �m�o�y�e�n�n�e ∫ ba f(t)g(t) d�t = g(a+) ∫ a f(t) d�t+g(b−) ∫ b f(t) d�t (�i�l �s�u�f�f�i�t �a�l�o�r�� �p�o�u�r� g �d�'�ê�t�r�e �m�o�n�o�t�o�n�e, �e�t �p�a���n�é��e�s�s�a�i�r�e�m�e�n�t �p�oǑs�i�t�i�v�e).R�e�m�a�r�q�u�e �a�s�s�e�z �s�u�b�t�i�l�e 4 : �s�a�u�f �s�i� g �e�s�t ��o�n�s�t�a�n�t�e �s�u�r�℄a, b[ �l�a� �d�e�u�x�i�è�m�e �f�o�r�m�u�l�e �d�e �l�a� �m�o�y�e�n�n�e �s�o�u�� �l�a� �f�o�r�m�e �p�l�u���h�a�u�t �v�a�u�t �a�v�e� �u�n�  �d�i�s�t�i�n��t �d�e a �e�t �d�e b. E�t �s�o�u�� �l�a� �f�o�r�m�e2



∫ ba f(t)g(t) d�t = g(a+) ∫ a f(t) d�t + g(b−) ∫ b f(t) d�t �e�l�l�e �v�a�u�t �a�v�e� �u�n� ∈ ℄a, b[ �s�a�n�� �a�u�t�r�e ��o�n�d�i�t�i�o�n� �s�u�r� g �q�u�e �d�'�ê�t�r�e �m�o�n�o�t�o�n�e (�v�o�u���p�o�u�r�r�e�z ��h�e�r��h�e�r� �à� �j�u�s�t�i�f�i�e�r� ��e�t�t�e �r�e�m�a�r�q�u�e, ��e�l�a� �e�s�t �a�s�s�e�z�r�u�s�é).J�e �v�a�i�� �a�v�o�i�r� �b�e�s�o�i�n� �d�u� �f�a�i�t �q�u�e F(x) =
∫ xa f(t) d�t �e�t K(x) =

∫ xa |f(t)| d�t�s�o�n�t �d�e�� �f�o�n��t�i�o�n�� ��o�n�t�i�n�u�e�� �d�e x. C'�e�s�t �é�v�i�d�e�n�t �l�o�r�s�q�u�e f �e�s�t �b�o�r�n�é�e(�d�o�n� �e�n� �p�a�r�t�i��u�l�i�e�r� �s�i� f �e�s�t �i�n�t�é�g�r�a�b�l�e �a�u� �s�e�n�� �d�e R�i�e�m�a�n�n�) ��a�r� �d�e
|f| ≤ C �r�é�s�u�l�t�e |F(x)−F(y)| ≤ C|x−y| (�d�e �m�ê�m�e �p�o�u�r� K) �d�o�n� F �e�t K �s�o�n�t�a�l�o�r�� L�i�p�s��h�i�t�z�i�e�n�n�e��. D�a�n�� �l�e ��a�� �d�'�u�n�e �f�o�n��t�i�o�n� L�e�b�e�s�g�u�e-�i�n�t�é�g�r�a�b�l�e �n�o�n��b�o�r�n�é�e, �'�e�s�t �u�n� �t�h�é�o�r�è�m�e ��l�a�s�s�i�q�u�e �q�u�e �l��o�n� �p�e�u�t �p�r�o�u�v�e�r� �e�n� �u�t�i�l�i�s�a�n�t �l�e�t�h�é�o�r�è�m�e �d�e �l�a� ��o�n�v�e�r�g�e�n��e �d�o�m�i�n�é�e (�e�x�e�r��i��e). O�n� �v�a� �m�ê�m�e �u�t�i�l�i�s�e�r� �q�u�eK �e�s�t �u�n�i�f�o�r�m�é�m�e�n�t ��o�n�t�i�n�u�e, ��e �q�u�i� �e�s�t �a�s�s�u�r�é �p�a�r� �l�e �f�a�i�t �q�u�e [a, b℄ �e�s�t��o�m�p�a��t, �e�t �e�s�t �t�r�i�v�i�a�l �p�a�r� �l�a� �p�r�oǑp�r�i�é�t�é L�i�p�s��h�i�t�z�i�e�n�n�e �d�a�n�� �l�e ��a�� �o�ù� f�e�s�t �b�o�r�n�é�e.S�o�i�t N ≥ 1 �e�t �s�o�i�t tj = a + j b−aN , 0 ≤ j ≤ N. D�é�f�i�n�i�s�s�o�n�� :IN =

N−1
∑j=0 ∫ tj+1tj f(t)g(tj) d�tC�o�m�m�e g �e�s�t �d�é��r�o�i�s�s�a�n�t�e :

∣

∣

∣

∣

∣

∣

∣

∣

N−1
∑j=0 ∫ tj+1tj f(t)g(tj) d�t− ∫ ba f(t)g(t) d�t∣∣∣∣∣

∣

∣

∣

≤
N−1
∑j=0 ∫ tj+1tj |f(t)|(g(tj)− g(t)) d�t

≤
N−1
∑j=0 (g(tj)− g(tj+1)) ∫ tj+1tj |f(t)| d�t = N−1

∑j=0 (g(tj)− g(tj+1))(K(tj+1)−K(tj))
3



S�o�i�t ω(N) = s�u�pa≤t≤b− b−aN (K(t+ b−aN )−K(t)). D'�a�p�r�è�� ��e �q�u�i� �p�r�é��è�d�e :
∣

∣

∣

∣

∣

∣

IN −

∫ ba f(t)g(t) d�t∣∣∣∣
∣

∣

≤

N−1
∑j=0 (g(tj)− g(tj+1))ω(N) = (g(a) − g(b))ω(N)O�n� �s�a�i�t �q�u�e K �e�s�t ��o�n�t�i�n�u�e, �d�o�n� �u�n�i�f�o�r�m�é�m�e�n�t ��o�n�t�i�n�u�e �s�u�r� [a, b℄, �d�o�n�

ω(N) → 0. A�i�n�s�i� l�i�mN→∞

IN =

∫ ba f(t)g(t) d�tP�a�r� �a�i�l�l�e�u�r�� �o�n� �a� �é�g�a�l�e�m�e�n�t (�q�u�e�l�q�u�e �p�a�r�t F(a) = 0 �e�s�t �u�t�i�l�i�s�é !) :IN =

N−1
∑j=0 ∫ tj+1tj f(t)g(tj) d�t = N−1

∑j=0 g(tj)(F(tj+1)−F(tj))
=

N−1
∑j=0 (g(tj)− g(tj+1))F(tj+1)+ g(b)F(b)(1)

=⇒ |IN| ≤

(N−1
∑j=0 (g(tj)− g(tj+1)) + g(b)) s�u�pa≤x≤b |F(x)| = g(a) s�u�pa≤x≤b |F(x)|D'�o�ù� �l�a� �d�e�u�x�i�è�m�e �f�o�r�m�u�l�e �d�e �l�a� �m�o�y�e�n�n�e �d�a�n�� �l�e ��a�� ��o�m�p�l�e�x�e, �p�a�r� �p�a��-�s�a�g�e �à� �l�a� �l�i�m�i�t�e.D�a�n�� �l�e ��a�� �r�é�e�l, �e�t �e�n� �n�o�t�a�n�t m = i�n�f[a,b℄F(x) �e�t M = s�u�p[a,b℄F(x) , �o�n��o�b�t�i�e�n�t �d�e (1) (�p�u�i�s�q�u�e g �e�s�t �d�é��r�o�i�s�s�a�n�t�e �e�t �p�oǑs�i�t�i�v�e) :g(a) i�n�f[a,b℄F(x) ≤ IN ≤ g(a) s�u�p[a,b℄ F(x) ,�d�'�o�ù� �a�p�r�è�� �p�a�s�s�a�g�e �à� �l�a� �l�i�m�i�t�eg(a) i�n�f[a,b℄F(x) ≤ ∫ ba f(t)g(t) d�t ≤ g(a) s�u�p[a,b℄ F(x) ,4



�e�t �p�a�r� ��o�n�s�é�q�u�e�n�t (�l�e ��a�� g(a) = 0 �t�r�a�i�t�é �à� �p�a�r�t) �p�a�r� �l�e �t�h�é�o�r�è�m�e �d�e���v�a�l�e�u�r�� �i�n�t�e�r�m�é�d�i�a�i�r�e�� �p�o�u�r� �l�a� �f�o�n��t�i�o�n� ��o�n�t�i�n�u�e F :
∃ ∈ [a, b℄ ∫ ba f(t)g(t) d�t = g(a)F() = g(a) ∫ a f(t) d�t .R�é�p�é�t�o�n�� �q�u�e �s�i� g �n�'�e�s�t �p�a�� ��o�n�s�t�a�n�t�e �s�u�r� ℄a, b[ �a�l�o�r�� �i�l �y �a� �u�n�  ∈ ℄a, b[�q�u�i� ��o�n�v�i�e�n�t.A�u�t�r�e �p�e�r�s�p�e��t�i�v�eS�u�p�p�oǑs�o�n�� �q�u�e f �s�o�i�t ��o�n�t�i�n�u�e �e�t g �d�e ��l�a�s�s�e C1. T�o�u�j�o�u�r�� �a�v�e� F(x) =

∫ xa f(t) d�t �o�n� �a� �p�a�r� �i�n�t�é�g�r�a�t�i�o�n� �p�a�r� �p�a�r�t�i�e�� :
∫ ba f(t)g(t) d�t = g(b)F(b) + ∫ ba F(t)(−g′(t)) d�tP�a�r� �l�e �p�r�e�m�i�e�r� �t�h�é�o�r�è�m�e �d�e �l�a� �m�o�y�e�n�n�e �p�o�u�r� �u�n�e �i�n�t�é�g�r�a�l�e �a�v�e� �p�o�i�d���p�oǑs�i�t�i�f, �i�l �v�i�e�n�t :

∃ ∈ [a, b℄ ∫ ba F(t)(−g′(t)) d�t = F() ∫ ba (−g′(t)) d�t = F()(g(a)− g(b))A�i�n�s�i�,
∫ ba f(t)g(t) d�t = g(b)F(b) + (g(a)− g(b))F() = g(a) ∫ a f(t) d�t+ g(b) ∫ b f(t) d�tC'�e�s�t-�à�-�d�i�r�e �l�a� �s�e��o�n�d�e �f�o�r�m�u�l�e �d�e �l�a� �m�o�y�e�n�n�e �s�o�u�� �s�a� �f�o�r�m�e �p�l�u�� �p�r�é-��i�s�e (�j�e �l�a�i�s�s�e �e�n� �e�x�e�r��i��e �l�e �f�a�i�t �q�u�'�i�l �y �a� �u�n�  ∈ ℄a, b[ �q�u�i� ��o�n�v�i�e�n�n�e).C�o�m�m�e F([a, b℄) �e�s�t �u�n� �s�e�g�m�e�n�t, �t�o�u�t �b�a�r�y��e�n�t�r�e �à� ��oe�f�f�i��i�e�n�t�� �p�oǑs�i�t�i�f�� �d�e�p�o�i�n�t�� �d�e ��e �s�e�g�m�e�n�t �y �e�s�t �e�n��o�r�e �d�o�n� g(b)F(b)+ (g(a)− g(b))F() �e�s�t �d�e �l�a��f�o�r�m�e g(a)F(′), ��e �q�u�i� �d�o�n�n�e ��o�m�m�e ��o�n�s�é�q�u�e�n��e �l�a� �s�e��o�n�d�e �f�o�r�m�u�l�e �d�e �l�a��m�o�y�e�n�n�e �s�o�u�� �s�a� �f�o�r�m�e �f�r�u�s�t�e , ��e�l�l�e �q�u�e �j'�a�i� ��h�o�i�s�i�e �d�e �m�e�t�t�r�e �e�n� �a�v�a�n�t5



�a�u� �d�é�b�u�t �d�e ��e �t�e�x�t�e. D�a�n�� �l�a� �p�r�a�t�i�q�u�e, �o�n� �v�e�u�t �s�u�r�t�o�u�t �u�n�e �m�a�j�o�r�a�t�i�o�n� �d�e
∣

∣

∣

∣

∫ ba f(t)g(t) d�t∣∣∣
∣

, �e�t �l�a� �f�o�r�m�e �f�r�u�s�t�e ��o�m�m�e �l�a� �f�o�r�m�e �p�r�é��i�s�e �d�o�n�n�e�n�t �t�o�u�t�e���d�e�u�x :
∣

∣

∣

∣

∣

∣

∫ ba f(t)g(t) d�t∣∣∣∣
∣

∣

≤ g(a) s�u�p∈[a,b℄ ∣∣∣∣∫ a f(t) d�t∣∣∣
∣

.O�n� �n�o�t�e�r�a� �q�u�e �l�a� �m�a�j�o�r�a�t�i�o�n� �p�a�r� g(a)| ∫ a f(t) d�t|+ g(b)| ∫ b f(t) d�t| �e�s�t �s�o�u�v�e�n�t�m�o�i�n�� �i�n�t�é�r�e�s�s�a�n�t�e.E�n��o�r�e �u�n�e �a�u�t�r�e �p�e�r�s�p�e��t�i�v�eI��i� �j�e �m�'�a�d�r�e�s�s�e �à� �u�n� �a�u�d�i�t�o�i�r�e �m�a�î�t�r�i�s�a�n�t �m�e�s�u�r�e �e�t �i�n�t�é�g�r�a�t�i�o�n�. T�o�u�t�d�'�a�b�o�r�d� �o�n� �p�e�u�t �r�e�m�p�l�a��e�r� g(x) �e�n� �t�o�u�t x �p�a�r� g(x+) ��e �q�u�i� �n�e �m�o�d�i�f�i�e g �q�u�e�s�u�r� �u�n� �e�n�s�e�m�b�l�e �d�é�n�o�m�b�r�a�b�l�e, �d�o�n� �d�e �m�e�s�u�r�e �n�u�l�l�e, �e�t �r�e�n�d� g ��o�n�t�i�n�u�e �à��d�r�o�i�t�e. L�a� �f�o�r�m�u�l�e �s�e�r�a� �d�o�n� �p�r�o�u�v�é�e �a�v�e� g(a+) �e�t �e�l�l�e �a� ��o�m�m�e ��o�r�o�l�l�a�i�r�e�m�o�i�n�� �p�r�é��i�� ��e�l�l�e �a�v�e� g(a). D�o�r�é�n�a�v�a�n�t �j�e �s�u�p�p�oǑs�e g ��o�n�t�i�n�u�e �à� �d�r�o�i�t�e,�d�o�n� �i�l �e�x�i�s�t�e �u�n�e �m�e�s�u�r�e (�d�e L�e�b�e�s�g�u�e-S�t�i�e�l�t�j�e��) �p�oǑs�i�t�i�v�e �s�u�r� �l�e �s�e�g�m�e�n�t[a, b℄ �t�e�l�l�e �q�u�e g(x) = g(b) + µ(℄x, b℄) (�p�a�r� �e�x�e�m�p�l�e �e�t �e�n� �p�a�r�t�i��u�l�i�e�r� g(b−) =g(b) + µ({b})). O�n� �a�p�p�l�i�q�u�e �l�e �t�h�é�o�r�è�m�e �d�e F�u�b�i�n�i� :
∫ ba f(t)g(t) d�t = g(b)F(b) + ∫a<t<b f(t)(∫t<u≤b dµ(u))d�t

= g(b)F(b) + ∫a<t<u≤b f(t)dµ(u)d�t = g(b)F(b) + ∫a<u≤bF(u)dµ(u)P�u�i�� �o�n� �f�a�i�t �a�p�p�e�l �a�u� �p�r�e�m�i�e�r� �t�h�é�o�r�è�m�e �d�e �l�a� �m�o�y�e�n�n�e �p�o�u�r� �l��i�n�t�é�g�r�a�t�i�o�n��d�e �f�o�n��t�i�o�n�� ��o�n�t�i�n�u�e�� ��o�n�t�r�e �u�n�e �m�e�s�u�r�e �p�oǑs�i�t�i�v�e :
∃ ∈ [a, b℄ ∫ ba f(t)g(t) d�t = g(b)F(b)+F() ∫a<u≤b dµ(u) = g(b)F(b)+(g(a)−g(b))F()

6



U�n�e �a�p�p�l�i��a�t�i�o�n� : �t�r�a�n�s�f�o�r�m�a�t�i�o�n� �d�e L�a�p�l�a��eO�n� ��o�n�s�i�d�è�r�e �u�n�e �f�o�n��t�i�o�n� f : [0,+∞[→ C, �i�n�t�é�g�r�a�b�l�e �s�u�r� �t�o�u�t �s�e�g�m�e�n�t �e�t�t�e�l�l�e �q�u�e �l��i�n�t�é�g�r�a�l�e �i�m�p�r�oǑp�r�e ∫∞0 f(t) d�t = l�i�mT→+∞

∫T0 f(t) d�t �e�x�i�s�t�e. A�l�o�r���l�e�� �i�n�t�é�g�r�a�l�e�� �i�m�p�r�oǑp�r�e�� : I(a) = ∫ ∞0 f(t)e−a�t d�t�e�x�i�s�t�e�n�t �e�t �d�é�f�i�n�i�s�s�e�n�t �u�n�e �f�o�n��t�i�o�n� ��o�n�t�i�n�u�e �d�e a ≥ 0.P�r�e�u�v�e : �p�a�r� �l�a� �s�e��o�n�d�e �f�o�r�m�u�l�e �d�e �l�a� �m�o�y�e�n�n�e :0 ≤ X ≤ Y =⇒

∣

∣

∣

∣

∣

∣

∫ YX f(t)e−a�t d�t∣∣∣∣
∣

∣

≤ s�u�pX≤Z≤Y ∣

∣

∣

∣

∣

∣

∫ ZX f(t) d�t∣∣∣∣
∣

∣D�o�n� �l�e ��r�i�t�è�r�e �d�e C�a�u��h�y �p�o�u�r� �l��e�x�i�s�t�e�n��e �d�e I(a) �e�s�t �v�é�r�i�f�i�é. D�e �p�l�u�� �e�n��f�a�i�s�a�n�t �t�e�n�d�r�e Y �v�e�r�� +∞ �i�l �v�i�e�n�t :0 ≤ X =⇒

∣

∣

∣

∣

∫ ∞X f(t)e−a�t d�t∣∣∣
∣

≤ s�u�pZ≥X ∣

∣

∣

∣

∣

∣

∫ ZX f(t) d�t∣∣∣∣
∣

∣

≤ 2 s�u�pZ≥X ∣

∣

∣

∣

∫ ∞Z f(t) d�t∣∣∣
∣P�a�r� ��o�n�s�é�q�u�e�n�t �l�e�� �f�o�n��t�i�o�n�� �d�e a, IX(a) = ∫X0 f(t)e−a�t d�t, ��o�n�v�e�r�g�e�n�t �u�n�i�f�o�r�-�m�é�m�e�n�t �s�u�r� a ∈ [0,+∞[ �e�t �p�o�u�r� X → +∞ �v�e�r�� �l�a� �f�o�n��t�i�o�n� I(a). I�l �s�u�f�f�i�t�d�o�n� �d�e ��'�a�s�s�u�r�e�r� �d�e �l�a� ��o�n�t�i�n�u�i�t�é �d�e ��h�a�q�u�e IX(a). M�a�i�� �p�a�r� �l�e �t�h�é�o�r�è�m�e�d�e�� �a���r�o�i�s�s�e�m�e�n�t �f�i�n�i�� |e−a�t− e−b�t| ≤ t|b− a|e−�t ≤ X|b− a| �p�o�u�r� 0 ≤ t ≤ X.L�e�� �f�o�n��t�i�o�n�� IX �s�o�n�t �d�o�n� L�i�p�s��h�i�t�z�i�e�n�n�e�� �e�t �p�a�r� ��o�n�s�é�q�u�e�n�t ��o�n�t�i�n�u�e���e�n� �l�e�u�r� �v�a�r�i�a�b�l�e a.S�i� �l��o�n� �s�u�p�p�oǑs�e �s�e�u�l�e�m�e�n�t �q�u�e ∫T0 f(t) d�t �e�s�t �b�o�r�n�é, �o�n� �p�e�u�t �a�f�f�i�r�m�e�r��e�n� �r�e�v�i�s�i�t�a�n�t �l�a� �p�r�e�u�v�e �q�u�e I(a) = ∫∞0 f(t)e−a�t d�t �e�x�i�s�t�e �p�o�u�r� a > 0 �e�t �e�s�t�u�n�e �f�o�n��t�i�o�n� ��o�n�t�i�n�u�e. 7



I�l �s�e �p�e�u�t �q�u�'�a�l�o�r�� �l�a� �l�i�m�i�t�e I(0+) �e�x�i�s�t�e. N�o�t�e�z �q�u�e �p�o�u�r�f �p�oǑs�i�t�i�v�e �l�e �t�h�é�o�r�è�m�e �d�e �l�a� ��o�n�v�e�r�g�e�n��e �m�o�n�o�t�o�n�e �g�a�r�a�n�t�i�t
∫∞0 f(t) d�t = I(0+) (�m�ê�m�e �s�i� �t�o�u�� �l�e�� I(a) �v�a�l�e�n�t +∞). S�u�p�p�o-�s�o�n�� �s�e�u�l�e�m�e�n�t �q�u�e �l�a� �f�o�n��t�i�o�n� f �s�o�i�t �t�e�l�l�e �q�u�e �l�e�� �t�r�a�n�s�f�o�r�-�m�é�e�� �d�e L�a�p�l�a��e I(a) = l�i�mX→∞

∫X0 f(t)e−a�t d�t �e�x�i�s�t�e�n�t �e�t �q�u�eI = l�i�ma→0+ I(a) �e�x�i�s�t�e. L�e �r�e�m�a�r�q�u�a�b�l�e �t�h�é�o�r�è�m�e �s�u�i�v�a�n�t (�l�a��p�r�e�u�v�e �e�n� �s�e�r�a� �d�o�n�n�é�e �u�l�t�é�r�i�e�u�r�e�m�e�n�t) �v�a�u�t : �l��i�n�t�é�g�r�a�l�e �i�m�-�p�r�oǑp�r�e ∫∞0 f(t) d�t ��o�n�v�e�r�g�e (�e�t �e�s�t �d�o�n� �n�é��e�s�s�a�i�r�e�m�e�n�t �é�g�a�l�e �à�I) �s�i� �e�t �s�e�u�l�e�m�e�n�t �s�i� �o�n� �a� ∫X0 t�f(t) d�t = o(X) �p�o�u�r� X → ∞(�v�r�a�i� �s�i� f(t) = o(1t ). . .). C�e��i� ��'�a�p�p�e�l�l�e �u�n� �t�h�é�o�r�è�m�e T�a�u�b�é�r�i�e�n�,T�a�u�b�e�r� �a�y�a�n�t �m�o�n�t�r�é �l��a�n�a�l�o�g�u�e �a�v�e� �u�n�e �s�é�r�i�e �a�u� �l�i�e�u� �d�'�u�n�e�i�n�t�é�g�r�a�l�e. P�o�u�v�e�z-�v�o�u�� �e�n� �t�o�u�t ��a�� �m�o�n�t�r�e�r� �l�a� �p�a�r�t�i�e �f�a��i�l�e :�s�i� ∫∞0 f(t) d�t ��o�n�v�e�r�g�e �a�l�o�r�� ∫X0 t�f(t) d�t = o(X)?É�t�u�d�i�o�n�� I(a) = ∫∞0 s�i�n(t)t e−a�t d�t. P�a�r� �l�a� �d�e�u�x�i�è�m�e �f�o�r�m�u�l�e �d�e �l�a� �m�o�y�e�n�n�e�o�n� �a� | ∫YX s�i�n(t)t d�t| ≤ 2X �d�o�n� �l�e ��r�i�t�è�r�e �d�e C�a�u��h�y �e�s�t �v�é�r�i�f�i�é �p�o�u�r� �l��e�x�i��-�t�e�n��e �d�e I(0) =
∫∞0 s�i�n(t)t d�t. D�o�n� I �e�s�t �u�n�e �f�o�n��t�i�o�n� ��o�n�t�i�n�u�e �d�e a ≥ 0.O�n� �p�e�u�t �e�n�s�u�i�t�e �j�u�s�t�i�f�i�e�r� �d�e �d�i�v�e�r�s�e�� �m�a�n�i�è�r�e�� �q�u�e I′(a) �e�x�i�s�t�e �e�t �v�a�u�tJ(a) = −

∫∞0 s�i�n(t)e−a�t d�t. C'�e�s�t �t�r�è�� �f�a��i�l�e �s�i� �l��o�n� �d�i�s�p�oǑs�e �d�u� �t�h�é�o�r�è�m�e �d�e�l�a� ��o�n�v�e�r�g�e�n��e �d�o�m�i�n�é�e ��a�r� I(a+h)−I(a)h =
∫∞0 s�i�n(t)e−a�t e−h�t−1t�h d�t �e�t �o�n� �p�e�u�t�m�a�j�o�r�e�r� �e�n� �v�a�l�e�u�r� �a�bǑs�o�l�u�e e−h�t−1t�h �p�a�r� et|h|. D�o�n� �s�i� a > 0 �e�t �s�i� |h| �e�s�t�r�e�s�t�r�e�i�n�t �à� �ê�t�r�e ≤ 12a, �l�e �t�h�é�o�r�è�m�e �d�e �l�a� ��o�n�v�e�r�g�e�n��e �d�o�m�i�n�é�e �d�o�n�n�e �l�e�r�é�s�u�l�t�a�t �v�o�u�l�u�. E�t �b�i�e�n� �s�û�r� :J(a) = ℑ

∫ ∞0 e−(a+i)t d�t = ℑ
1a+ i = −11+ a2D�o�n�, �i�l �e�x�i�s�t�e �u�n�e ��o�n�s�t�a�n�t�e C �t�e�l�l�e �q�u�e �p�o�u�r� a > 0 �o�n� �a�i�t I(a) = C −A�r��t�g(a). I�l �n�e �r�e�s�t�e �a�l�o�r�� �q�u�'�à� �j�u�s�t�i�f�i�e�r� l�i�ma→+∞ I(a) = 0 (�'�e�s�t �t�r�i�v�i�a�l. . .8



�s�i�, �s�i� !) �p�o�u�r� �e�n� ��o�n��l�u�r�e �q�u�e C =
π2 �e�t �d�o�n� �q�u�e ∫∞0 s�i�n(t)t d�t = I(0+) = C =

π2 .D�é�f�i� : �p�r�o�u�v�e�z �é�l�é�m�e�n�t�a�i�r�e�m�e�n�t I′(a) = J(a) !
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(�d�e�u�x�i�è�m�e �f�o�r�m�u�l�e �d�e �l�a� �m�o�y�e�n�n�e, �s�u�i�t�e)J�e�a�n�-F�r�a�n�ç�o�i�� B�u�r�n�o�l, 7 �o��t�o�b�r�e 2009J�e �r�a�p�p�e�l�l�e �n�oǑ� �n�o�t�a�t�i�o�n�� I(a) = ∫∞0 s�i�n(t)t e−a�t d�t �e�t J(a) = −
∫∞0 s�i�n(t)e−a�t d�t.O�n� �v�e�u�t �m�o�n�t�r�e�r� �é�l�é�m�e�n�t�a�i�r�e�m�e�n�t I′(a) = J(a) �p�o�u�r� a > 0. P�a�r� T�a�y�l�o�r�-L�a�g�r�a�n�g�e : ey = ex + (y− x)ex +

12(y− x)2ez�a�v�e� �u�n� z �e�n�t�r�e x �e�t y, �e�t �d�o�n� :
∣

∣

∣

∣

∣

ey − exy− x − ex∣∣∣
∣

∣

≤
12 |x− y| em�a�x(x,y)

=
12 |x− y| m�a�x(ex, ey)A�v�e� a > 0 �e�t b ≥ 12a �o�n� �p�e�u�t �é��r�i�r�e :I(b)− I(a)b− a − J(a) = ∫ ∞0 s�i�n(t)e−b�t − e−a�tb�t− a�t + e−a�t

 d�t
=⇒

∣

∣

∣

∣

∣

I(b)− I(a)b− a − J(a)∣∣∣
∣

∣

≤
12 |b− a| ∫ ∞0 | s�i�n(t)| t e−12a�t d�tD'�o�ù� �l�a� ��o�n��l�u�s�i�o�n�.E�t �e�n� ��e �q�u�i� ��o�n��e�r�n�e :l�i�ma→+∞

∫ ∞0 s�i�n(t)t e−a�t d�t = 0�o�n� �a� �t�o�u�t �b�ê�t�e�m�e�n�t :
|I(a)| ≤ ∫ ∞0 e−a�t d�t = 1aJ�e �p�r�oǑp�oǑs�e �m�a�i�n�t�e�n�a�n�t �l��e�x�e�r��i��e �s�u�i�v�a�n�t : �s�o�i�t f : [0,+∞[→ C �u�n�e�f�o�n��t�i�o�n� �i�n�t�é�g�r�a�b�l�e �s�u�r� �t�o�u�t �s�e�g�m�e�n�t, �e�t �t�e�l�l�e �q�u�e ∫X0 f(t) d�t �s�o�i�t �b�o�r�n�é. O�n�10



�s�a�i�t �q�u�e �l�e�� �i�n�t�é�g�r�a�l�e�� �i�m�p�r�oǑp�r�e�� ∫∞0 f(t)e−a�t d�t ��o�n�v�e�r�g�e�n�t �p�o�u�r� �t�o�u�t a > 0.M�o�n�t�r�e�z : l�i�ma→+∞

∫ ∞0 f(t)e−a�t d�t = 0�v�o�i�r� �a�u� �v�e�r�s�o �a�p�r�è�� �y �a�v�o�i�r� �r�é�f�l�é��h�i�. . . �l�a� ��o�n�v�e�r�g�e�n��e �m�o�n�o�t�o�n�e �n�e ��'�a�p�p�l�i�q�u�e �b�i�e�n� �s�û�r� �p�a�� �p�u�i�s�q�u�e �l��o�n��n�'�a� �p�a�� �f�a�i�t �l��h�y�p�o�t�h�è�s�e �d�e �l��e�x�i�s�t�e�n��e �d�e ∫∞0 |f(t)| d�t. . .. . . �l�e �r�é�s�u�l�t�a�t �e�s�t �t�r�i�v�i�a�l �s�i� f �e�s�t �b�o�r�n�é�e �m�a�i�� �o�n� �n�'�a� �p�a�� �n�o�n� �p�l�u�� �f�a�i�t��e�t�t�e �h�y�p�o�t�h�è�s�e. . . �e�t �s�i� f �é�t�a�i�t �m�a�j�o�r�é�e �p�a�r� �u�n� �p�o�l�y�n���m�e �ç�a� �i�r�a�i�t �e�n��o�r�e,�m�a�i�� �o�n� �n�'�a� �p�a�� �n�o�n� �p�l�u�� �f�a�i�t ��e�t�t�e �h�y�p�o�t�h�è�s�e. . . �m�ê�m�e �s�i� f �é�t�a�i�t �a�u� �p�l�u���d�e ��r�o�i�s�s�a�n��e �e�x�p�o�n�e�n�t�i�e�l�l�e ��e�l�a� �s�e�r�a�i�t �a�s�s�e�z �t�r�i�v�i�a�l, �m�a�i�� �o�n� �n�'�a� �p�a���f�a�i�t ��e�t�t�e �h�y�p�o�t�h�è�s�e !. . . �à� �p�r�oǑp�oǑ� �d�o�n�n�e�r� �u�n� �e�x�e�m�p�l�e �d�e f �q�u�i� �v�é�r�i�f�i�e �l��h�y�p�o�t�h�è�s�e �m�a�i�� �q�u�i��n�'�e�s�t �m�a�j�o�r�é�e �p�a�r� �a�u��u�n�e �e�x�p�r�e�s�s�i�o�n� �d�u� �t�y�p�e K�eλt, �a�u�t�r�e�m�e�n�t �d�i�t �t�e�l�l�e�q�u�e l�i�m�s�u�pt→+∞
|f(t)|e−a�t

= +∞ �p�o�u�r� �t�o�u�t a > 0.
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S�o�i�t K �t�e�l �q�u�e ∣

∣

∣

∣

∫X0 f(t) d�t∣∣∣
∣

≤ K �p�o�u�r� �t�o�u�t X. A�i�n�s�i� ∣∣∣
∣

∣

∫
YX f(t) d�t∣∣∣

∣

∣

≤ 2K �p�o�u�r��t�o�u�� X, Y. P�a�r� �l�a� �d�e�u�x�i�è�m�e �f�o�r�m�u�l�e �d�e �l�a� �m�o�y�e�n�n�e :Y ≥ X =⇒

∣

∣

∣

∣

∣

∣

∫ YX f(t)e−a�t d�t∣∣∣∣
∣

∣

≤ 2K�e−aXE�n� �p�r�e�n�a�n�t �l�a� �l�i�m�i�t�e �p�o�u�r� Y → ∞ �i�l �v�i�e�n�t :
∣

∣

∣

∣

∫ ∞X f(t)e−a�t d�t∣∣∣
∣

≤ 2K�e−aXA�i�n�s�i� :
∣

∣

∣

∣

∫ ∞0 f(t)e−a�t d�t∣∣∣
∣

≤

∫ 10 |f(t)|e−a�t d�t+ 2K�e−aL�e �p�r�e�m�i�e�r� �t�e�r�m�e �t�e�n�d� �v�e�r�� �z�é�r�o �p�o�u�r� a → +∞, �s�o�i�t �p�a�r��e �q�u�e f �e�s�t�s�u�p�p�oǑs�é�e �i�n�t�é�g�r�a�b�l�e �a�u� �s�e�n�� �d�e R�i�e�m�a�n�n� �s�u�r� [0, 1℄ �e�t �d�o�n� �e�s�t �b�o�r�n�é�e�s�u�r� ��e�t �i�n�t�e�r�v�a�l�l�e, �s�o�i�t �d�a�n�� �l�e ��a�� �g�é�n�é�r�a�l �p�a�r� �l�e �t�h�é�o�r�è�m�e �d�e �l�a� ��o�n�v�e�r�-�g�e�n��e �d�o�m�i�n�é�e (�r�a�p�p�e�l�e�z-�v�o�u�� �q�u�'�i�l �y �a� �d�a�n�� �s�o�n� �é�n�o�n��é �u�n� �p�r�e�s�q�u�e�p�a�r�t�o�u�t �b�i�e�n� �u�t�i�l�e �i��i� �à� ��a�u�s�e �d�e t = 0). L�e �s�e��o�n�d� �t�e�r�m�e �t�e�n�d� �a�u�s�s�i� �v�e�r���z�é�r�o. D'�o�ù� �l�a� ��o�n��l�u�s�i�o�n�. V�a�r�i�a�n�t�e : �p�o�u�r� �t�o�u�t ǫ > 0 �o�n� �a� :
∣

∣

∣

∣

∫ ∞0 f(t)e−a�t d�t∣∣∣
∣

≤

∫ ǫ0 |f(t)| d�t+ 2K�e−aǫ
=⇒ l�i�m�s�u�pa→+∞

∣

∣

∣

∣

∫ ∞0 f(t)e−a�t d�t∣∣∣
∣

≤

∫ ǫ0 |f(t)| d�t
=⇒ l�i�m�s�u�pa→+∞

∣

∣

∣

∣

∫ ∞0 f(t)e−a�t d�t∣∣∣
∣

≤ l�i�m
ǫ→0 ∫ ǫ0 |f(t)| d�t = 0�d�'�o�ù� �l�a� ��o�n��l�u�s�i�o�n�. L�a� �d�e�r�n�i�è�r�e �l�i�m�i�t�e �n�'�e�s�t �p�a�� �t�r�i�v�i�a�l�e �e�t �n�é��e�s�s�i�t�e �l�a���o�n�v�e�r�g�e�n��e �d�o�m�i�n�é�e �o�u� �m�o�n�o�t�o�n�e �e�t �é�q�u�i�v�a�u�t �à� �l�a� ��o�n�t�i�n�u�i�t�é �d�e x 7→

∫ x |f(t)| d�t �e�n� �t�h�é�o�r�i�e �d�e �l��i�n�t�é�g�r�a�l�e �d�e L�e�b�e�s�g�u�e. S�i� f �e�s�t �s�u�p�p�oǑs�é�e �i�n�t�é�g�r�a�b�l�e�a�u� �s�e�n�� �d�e R�i�e�m�a�n�n� �s�u�r� [0, 1℄ �'�e�s�t �t�r�i�v�i�a�l �p�a�r� ��o�n�t�r�e, ��a�r� �e�l�l�e �e�s�t �a�l�o�r���b�o�r�n�é�e. 12


